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Abstract

This paper explores the possibility of extendingdess-
based models with Qualitative differential equation
Process-based modeling is a modeling techniqueutbes
two-level approach for modeling dynamical systerits.
models systems on a purely qualitative level irmterof
entities and processes that involve those entitiesone
hand, and a quantitative level on which all erditend
processes are given a quantitative formulation kvgcthat
automatically translated into a set of ordinaryfediéntial
equations. This paper aims to illustrate that thisnalism
can be extended with an intermediate level of mindel
which consists of qualitative equations.

Introduction

Modeling is an essential part of scientific endeaewven
though different scientific disciplines have difet ideas

of how modeling is performed. Many different modegli
techniques are used across the scientific worldgdyming

as a result many different types of models exprbssea
variety of modeling formalisms. Models can be anetly
and classified according to different propertiesneO
important property of models is the level of absticm.
According to this property, models can range frounepy
qualitative, which focus on the relations betwedr t
concepts in the system being modeled, to purely
guantitative ones, specified in some precise madtieal
notation, most typically as equations. Between ehwg
extremes there is a whole spectrum of modeling
approaches with different level of abstraction.

When it comes to modeling dynamical systems, one
approach is to use process-based models. Procesd-ba
models (Bridewell et al.,, 2008) use a two-level
representation. At the qualitative level, a prodessed
model consists of entities, which correspond to riten
actors of the system and processes, which corrdspmon
relations between entities. At the quantitativeeleveach
entity is described in terms of variables and camtst that
represent its properties, and each process issemied as
a set of equations, algebraic or differential, thaantify

the relations between the entities. The equatioos fall
the processes in the model can be compiled to rolatai
system of differential equations which is the ukie
guantitative representation of the system.

The key feature of process-based models is they th
allow modeling at different levels of abstractiokt the
gualitative level, they represent an abstract vigwthe
system being modeled, showing only the key compisnen
of the system and the relations between them. At th
guantitative level, a detailed view of the system i
presented, which is equivalent to a system of amyin
differential equations allowing for further quaatite
analysis of the system. This two-level paradigm btan
augmented with an additional middle level that will
provide an additional level of reasoning aboutrtialel.

In this paper, we propose an extension of the gg®c
based formalism with an intermediate level of axgton.
This level of abstraction is modeled using concédpim
qualitative reasoning. The principal change is the
introduction of qualitative differential equatio(@DES) to
the formalism. Every process from the purely qatie
level is described is terms of QDEs. Each QDE,uim,t
has a particular quantitative form, when translatedhe
quantitative level.

The rest of the paper is structured as followsSéation
2, we present the Process-Based Formalism usguting
process-based models, using an example from aquatic
ecosystems. In Section 3, we present a way to éxtes
formalism using qualitative equations as a midaieel
between the purely qualitative description and the
differential equations. Section 4 concludes theepamd
outlines further work.

Process-Based Modeling

For representing process-based models we use asgsroc
based formalism. The formalism is designed for the
description of dynamical systems, i.e., systems¢hange
over time. Dynamical systems have a state whicha is
description of the system at a given point in tiered



processes that represent phenomena that occurein th function specifies the method of aggregation of the

system and cause the state to change over time.

Modeling Components: Entities and Processes

The state of the system is given as a set ofientiEach
entity corresponds to one logical object (materdal
abstract) that appears in the system. If we take, f
example, an aquatic environment, such as a laka as
system, then entities would correspond to different
nutrients such as phosphorus and nitrogen, differen
phytoplankton and/or zooplankton species or perfiigps
or other animals. Each entity in turn is descrikéth one
or more properties that can be fixed (constantstan
change with time (variables). Phytoplankton, foamyle,
can be specified by giving its concentration (Vale,
growth rate (variable) and maximal growth rate @tant).

Table 1. A partial model of an ecosystem consisting of ergit
that appear in the system.

entity phytol {
vars: conc{role: state; initial: 10},
limitation{aggregation:product};
consts: maxGrowthRate = 0.5, maxLossRate = 0.02,
sedimentationRate = 0.1;
}
entity phyto2 {
vars: conc{role: state; initial: 2},
limitation{aggregation:product};
consts: maxGrowthRate = 1, maxLossRate = 0.02,
sedimentationRate = 0.2;
}
entity phosphorus {
vars: conc{role: state};
consts: halfSaturation=0.02, alpha=0.1;
}
entity nitrogen {
vars: conc{role: exogenous};
consts: halfSaturation=0.2, alpha=0.7;

}

Table 1 presents a partial model specificationthaf
hypothetical lake. This partial model specifies tloair
entities in the system. Two nutrients — phosphaand
nitrogen, and two species of phytoplankton — dahate
phytol and phyto2.

Each entity is described by variables and consttrat
denote its properties that are important in theeigiv
context. The specification of the constants is
straightforward, by giving their values, and optfn
(omitted in this example) their unit of measuremdnt
Table 1, for example, the constamdlfSaturation of the
entity nitrogen is assigned a value of 0.2.

When we specify a variable, we provide severatgse
of information. The role of the variable in the t&ys,
which can be state or exogenous, gives the infoomatf
whether this variable is considered as part ofdtag¢e of
system or as an input/output variable. The aggimgat

influences on the variable. The influences comemfro
processes that involve the entity. We can alsoi§peaa
initial value of the variable. For example, theiahte conc
of phytol in Table 1 has an initial value of 10.

The phenomena that occur in the system are describ
by the processes of the model. From the name of the
formalism: Process-Based, it is apparent that tbegsses
are the key components of a model. Each processein
model corresponds to a phenomenon in the systewurin
lake example, processes that occur would be gramth
loss of phytoplankton or zooplankton feeding on
phytoplankton.

Table 2.Processes involving the entities from Table 1.

process limitedGrowthPhytol(phytol, [phosphoruspgen]) {
processes: nutLimitationPs, nutLimitationNs;
equations :
td(phytol.conc) = phytol.maxGrowthRate * phytohc *
phytol.limitation,
td(phosphorus.conc) = -phosphorus.alpha *
phytol.maxGrowthRate * phytol.conc * pHytonitation;

process limitedGrowthPhyto2(phyto2, phosphorus) {
processes: nutLimitationPs2;
equations :
td(phyto2.conc) = phyto2.maxGrowthRate * phyto?c *
phyto2.limitation,
td(phosphorus.conc) = -phosphorus.alpha *
phyto2.maxGrowthRate * phyto2.conc * phytim2itation;
}
process nutLimitationPs(phytol, phosphorus) {
equations:
phytol.limitation = phosphorus.conc / (pHusus.conc +
phosphorus.halfSaturation);
}
process nutLimitationNs(phytol, nitrogen) {
equations:
phytol.limitation = nitrogen.conc / (nitrogeonc +
nitrogen.halfSaturation);
}
process nutLimitationPs2(phyto2, phosphorus) {
equations:
phyto2.limitation = phosphorus.conc”2 / (pbloorus.conc”2
+ phosphorus.halfSaturation);

Table 2 shows the processes from the lake modtelsa
processes involve the entities from Table 1. A pssccan
be thought of as a relation between entities. Eypeogess
involves one or more entities from the model.
limitedGrothPhytol, for example, involves three entities —
phytol, phosphorus and nitrogen because it represents the
growth of phytoplankton 1 that is limited by phospis
and nitrogen.

In addition to being a qualitative relation betwee
entities, a process also provides a quantitativeergeion
of that relation as one or more equations. An egnatan



contain only variables and constants of the estitieat
participate in the corresponding process. In themgte in
Table 2, the equations inutLimitationPs can contain
variables and constants only frgshytol and phosphorus
because those are the entities that take part
nutLimitationPs.

The equations from all of the processes are cosbin

into a single set of differential equation, which the
purely quantitative model of the system. This mockh
then be used to perform quantitative analysis. Afevary
the values of parameters, perform simulation ofrttuelel,
perform sensitivity analysis and so forth. For eathte
variable in the model, we compile one differendguation
that will have the derivative of that variable &sléft hand
side. The equation is compiled by combining all atpns
in the model that influence (have as left hand )sitiat
variable. We combine the equations with the agdrega
function that is given in the specification of thatriable.
The aggregation function can be summation, mutigsion
and so on. For example, the variapl®sphorus.conc (the
variableconc of the entityphosphorus) is a state variable
(see Table 1), meaning that the end model will gmes
differential equation for that variable. This véna is

templates, in particular, entity templates - foedfying
common properties for entities and process templafer
specifying common properties for processes. Tha ide
that the template captures some general knowledge t
holds for many different cases and can be reuseenhwh
dealing with different specific scenarios. An entit
template is an incomplete entity specification. olly
contains partial information for an entity. Howeyvéhis
information is general and can be used for more thze
entity. A similar statement can be made for process
templates — they can be seen as incomplete pracaesse
processes that only contain some general informaticd
miss specific information. Examples of entity teaipb
and process templates from the lake domain arengive
Table 3.

Table 3. Entity templates and process templates for the la
domain

influenced by two equations, those in processes

limitedGrowthPhytol and limitedGrowthPhyto2. Having

in mind that the influences on this variable arenbmed

by the default aggregation function — summation, we

obtain the following equation for the rate of chanof
phosphorus.conc:

d
aconc = —0.1 0.5 *pl.conc *pl.lim— 0.1 x 1 * p2.conc * p2.lim

whereconc stands foiphosphorus.conc, pl for phytol, p2
for phyto2 andlim for limitation. pl.lim andp2.lim should
also be expanded with their equations given innttoglel,

but for the sake of maintaining simplicity we walinit this
here.

Specifying Domain Knowledge: Templates and
Instances

Note that some entities and processes presenieabies 1
and 2 share common properties. If we compare thigesn

phytol andphyto2 from Table 1, we can see that they share

many similarities with respect to their variableada

constants. This is to be expected since they ath bo

phytoplankton species. On the other hand, if we pame
the processes limitedGrowthPhytol and

limitedGrowthPhyto2 from Table 2, we can see that they

have equations that adhere to the same generarmatt
which is logical because they both represent psEesf
limited growth of phytoplankton. Therefore, it makaense
to try to group such similar properties within somere

general concepts. Hence, instead of directly

creating/specifying entities and processes, andifypgy
all their properties, we use two-phase specificatio

The knowledge (properties) which holds for reno
entities or processes is specified in objects whvehcall

template entity EcosystemEntity {
vars : conc {aggregation:sum; unit:"kg/m"3"; rargkinf>};

template entity PrimaryProducer : EcosystemEntity {
vars: limitation{aggregation:product};
consts:
maxGrowthRate{ range: <0,inf>; unit:"1/(day)"},
maxLossRate { range: <0, inf>; unit:"1/(day)"},
sedimentationRate { range: <0, inf>; unit:"1/(Jay
}
template entity Nutrient : EcosystemEntity {
consts:
halfSaturation {range: <0,inf>; unit:"mg/I"},
alpha {range: <0,inf>;
unit: "'mgAlgaeBiomass/mgZooBioniass
h
}
template process
Growth(pp : PrimaryProducer, ns : Nutrient<1,inf})

template process LimitedGrowth: Growth {
processes : NutLimitationFunction(pp, <n:ns>);
equations :
td(pp.conc) = pp.maxGrowthRate * pp.conc * ppiféation,
td(<n:ns>.conc) = -n.alpha * pp.maxGrowthRatg*genc
* pp.limitation;

template process

NutLimitationFunction(pp : PrimaryProducer, n : Nent) {}

template process LimitationMonod1 : NutLimitationfetion {
equations: pp.limitation = n.conc / (n.conc + if®aturation);

template process LimitationMonod?2 : NutLimitatiomfetion {
equations: pp.limitation = n.conc * n.conc / (mcd n.conc +
n.halfSaturation);

—~—

Entity templates and process templates are orgdniz
a hierarchy. This enables them to inherit the ertigs of



their ancestors, and provides for a cleaner desigmtity
and process templates.

We use templates to create/specify entity or mece
instances. The instance acquires all the propewtigish
were specified in the template. Additional propestihich
are characteristic for the particular instance dam
specified.

Table 4 presents the equivalent of the model from
Tables 1 and 2, specified using the templates ffabie 3.

Table 4. Entity instances and process instances from dke |
domain

entity phytol : PrimaryProducer {
vars: conc{role: state; initial: 10}, limitation;
consts: maxGrowthRate = 0.5, maxLossRate = 0.02,
sedimentationRate = 0.1;
}
entity phyto2 : PrimaryProducer {
vars: conc{role: state; initial: 2}, limitation;
consts: maxGrowthRate = 1, maxLossRate = 0.02,
sedimentationRate = 0.2;
}
entity phosphorus : Nutrient {
vars: conc{role: state};
consts: halfSaturation=0.02, alpha=0.1;
}
entity nitrogen : Nutrient {
vars: conc{role: exogenous};
consts: halfSaturation=0.2, alpha=0.7;
}
process limitedGrowthPhytol(phytol, [phosphoruspgen]):
LimitedGrowth{
processes: nutLimitationPs, nutLimitationNs;
}
process limitedGrowthPhyto2(phyto2, phosphorus):
LimitedGrowth{
processes: nutLimitationPs2;
}
process nutLimitationPs(phytol, phosphorus):
LimitationMonod1{}
process nutLimitationNs(phytol, nitrogen): LimitatMonod1{}
process nutLimitationPs2(phyto2, phosphorus):
LimitationMonod2{}

Introducing Qualitative Equations to the
Process-Based Formalism

Process-based formalism enables modeling on tweldev
purely qualitative and fully quantitative. Betwedmose
two levels however, there is a whole spectrum oflefing
possibilities with different levels of abstractioWe argue
that process-based modeling allows for modeling on
various levels of abstraction in excess of thogeaaly
present in the formalism. This paper proposes &nsion

of the formalism with the introduction of an intezdiate
level of abstraction that will lie in between theotexisting

(Kuipers, 1994), i.e., we want to provide for qtatlive
reasoning by means of qualitative differential eipnes
(QDEs).

QSIM models dynamical systems in terms of quaiat
variables and qualitative equations. Therefore our
formalism has to be modified to encompass qualiati
variables and qualitative equations. The requirednges
are blended into the two existing fundamental cptee-
entities and processes.

Within entities, both variables and constantsaal@pted.
The need for modification arises from the fact tQ&IM
substitutes the domain of real numbers in regujaagons
with the concept of landmarks and inter-landmark
intervals. The range property of both variables and
constants within entity templates is substitutedhwa
domain property, which consists of a list of allowed
landmarks. For example, theonc variable of the
EcosystemEntity entity template from Table 3, instead of
having as range the interval [Ox} will have as domain
the ordered set {zero, low, medium, high}. On thbeo
hand, every occurrence of a real number in the
specification of entities has to be changes tmdrark. In
particular, the values of constants and initialuesl of
variables in entity instances have to be specifed
landmarks.

When speaking about constants another issue arises
QSIM is agnostic of any quantitative relationsceastants
are needed as long as they influence the quaktativ
behavior of the system. As a result, the user s t
opportunity to keep constants and substitute lamkdma
values for the real numbers or to completely digrég
constants if they do not affect the qualitative dgbr of
the system. In our example, constants do not infltaehe
qualitative behavior of the system and thereforeonet
them from the model. Table 5 presents the entityptates
and entity instances from our lake example.

Table 5. Entity templates and entity instances for theatiqu
ecosystem

// Entity templates
template entity EcosystemEntity {
vars : conc {aggregation:sum; unit:"kg/m”~3"; ranggero,
low, medium, high]};
}

template entity PrimaryProducer : EcosystemEntity {
vars: limitation{aggregation:product; range:[zday,
medium, high]};

template entity Nutrient : EcosystemEntity {}
// Entity instances
entity phytol : PrimaryProducer {
vars: conc{role: state; initial: high}, limitation
}
entity phyto2 : PrimaryProducer {
vars: conc{role: state; initial: mediumy}, limitain;
}

entity phosphorus : Nutrient {vars: conc{role: sfa}

ones. The addition that we propose is based on QSIM entity nitrogen : Nutrient {vars: conc{role: exogers};}




Suitable changes are also introduced to proce3s$es.
key modification is the substitution of the queatiite
equations with qualitative constraints. Each equmati
translates into one or more qualitative constraifise
most important constraint is the one that regards
monotonicity. The QSIM formalism uses the predisate
M+ and M- to specify a term that is monotonically
increasing or monotonically decreasing with respiect
another term. Each quantitative equation translatesne
of this predicates and possibly several other helpe
predicates. These auxiliary predicates are arsifaftthe
QSIM formalism and are necessary in order to tedesl
larger and more complex equations. These includRIBE
for specifying derivatives of variables, MULT for
specifying multiplication and ADD for specifying dition.

All these changes are introduced in the procesglttes.
Process instances remain unchanged. Table 6 hsts t
process templates and process instances for thatiaqu
ecosystem.

Table 6. Process templates and process instances fogtraia
ecosystem.

template process
Growth(pp : PrimaryProducer, ns : Nutrient<1,inf})

template process LimitedGrowth: Growth {
processes : NutLimitationFunction(pp, <n:ns>);
constraints :
DERIV(pp.conc, pp_dt),
MULT (pp.conc, pp.limitation, X),
M+(X, pp_dt),
DERIV(<n:ns>.conc, n_dt),
M-(X, n_dt);
}
template process
NutLimitationFunction(pp : PrimaryProducer, n : Nent) {}
template process LimitationMonod1 : NutLimitatiomfetion {
constraints: M+(pp.limitation, n.conc);
}
template process LimitationMonod?2 : NutLimitationfetion {
constraints: M+(pp.limitation, n.conc);

}

/I Process instances
process limitedGrowthPhytol(phytol, [phosphoruspgen]):
LimitedGrowth{

processes: nutLimitationPs, nutLimitationNs;
}
process limitedGrowthPhyto2(phyto2, phosphorus):
LimitedGrowth{

processes: nutLimitationPs2;
}
process nutLimitationPs(phytol, phosphorus):
LimitationMonod1{}
process nutLimitationNs(phytol, nitrogen): LimitatMonod1{}
process nutLimitationPs2(phyto2, phosphorus):
LimitationMonod2{}

The last note is on combining process-based mddels
obtain the final model. For quantitative modelse fmal
model was a system of differential equations, waere
here, the final model is simply a list of consttainThe
final model is obtained by concatenating the camsts
from all of the processes. For each state variable
constraint is added that provides the aggregatiothe
constraints that influence that variable.

Related Work

The formalism for modeling dynamical systems, pnése
here, builds on previous work in the areas of eéqnat
discovery (Todorovski and DZeroski, 2007) and irichec
process modeling (Bridewell et al., 2008). The work
equation discovery uses the formalism of ordinary
differential equations to represent models and grars to
represent the space of potential equation-basecIséaor
a given modeling task. Human experts have to toansf
knowledge about modeling dynamical systems in the
domain at hand to an appropriate grammar for eguiati
discovery. Algorithms for searching the spaceasfdidate
models and fitting constant model parameters agains
observed system behavior are then combined to dimd
optimal model that closely fit the observationsduative
process modeling approach unifies the formalisms fo
representing models and knowledge into processes,
entities, and templates thereof, in a way we oedim the
first part of the paper. This paper extends thegss-based
modeling formalism towards qualitative models
represented in terms of QSIM constraints (Kuip2g84).

The work presented in this paper is also relatqubpers
on the topic of integrating qualitative and quantiite
reasoning methods to address the task of automated
modeling of dynamical systems. Bradley et al. (9001
system PRET is a method inducing equation-basectmod
from observed system behavior. PRET integratesseros
domain knowledge in the process of induction, whigh
supported by a variety of reasoning methods, ranfyiom
qualitative reasoning and simulation to numerical
simulations and parameter fitting methods. WhileEFR
focus on implicit constraints that help checking tralidity
of a candidate model, our formalism make explicit
constraints about how model is composed out of doma
specific entities and processes. These are alsd tese
represent the final equation-based model, whictatbre
improves its comprehensibility to human expertsthie
particular domain of use. Furthermore, QOPH system
(Garret et al., 2007) induces qualitative modelsmifr
numeric observations of the system behavior. Sityil@
our formalism, QOPH uses modeling knowledge casted
terms of model components corresponding to process
templates in our formalism. In contrast to the work
presented here, the QOPH focus is limited to cptali
models; it uses discretization of numeric data bbaim
qualitative observations that are in turn used rtduce
gualitative models.



Conclusion and Further Work

This paper presented Process-based modeling trangh
example from aquatic ecosystems. Process-basedingpde
is a paradigm with two distinct levels of abstranti- one
purely qualitative and one fully quantitative. Been
those levels there is a continuum of different levef
abstraction. In this paper we have presented oneofa
extending Process-based modeling with an internedia
level of abstraction. QSIM formalism was used for
describing concepts on this intermediate level.

This paper serves as a proof of principle thatese-
based modeling can be extended to include intemedi
qualitative levels. In the future, this proof ofirmiple
should be further developed into a fully fledgedteyn for
modeling using QSIM formalism. Other features sHoul
include automatic or assisted translation of eguatifrom
the quantitative level of the formalism to qualiat
equations and assisted translation of qualitatoygatons
into quantitative ones. Other directions for furthveork
can be implementing other levels of abstractioroeding
to other existing formalism that lie in between tiveo
levels offered by process-based models.
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